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ABSTRACT. The largest possible multiplicity of an eigenvalue of a spectral problem
generated by the Stieltjes string equations on a metric tree is ppen — 1, where ppen is
the number of pendant vertices. We propose how to find the second largest possible
multiplicity of an eigenvalue of such a problem. This multiplicity depends on the
numbers of point masses on the edges of the trees.

MakcumasibHO MOXKJIMBa KPATHICTH BJIACHOIO 3HAYUEHHS CIEKTPAJIbHOI 3aJadi,
opoKeHol piBHsAHHAME cTpyHH CTiNThECa HAa METPUIHOMY J€PEBi, JOPIBHIOE Ppen —
1, me ppen — KINBKICTH BHCAYNX BepmIuH. Mu IpomoHyeMo, K 3HAUTH APYTY 3a
BEJIMYUHOIO KPATHICTh BJIACHOTO 3HAYEHHs Takol 3asadi. [lg KpaTHiCcTh 3a/1€KUTh Bif
KIJIBKOCTI TOYKOBUX MacC Ha pebpax Jiepes.

1. INTRODUCTION

Second order difference equations appear in different fields of physics (synthesis of
electrical circuits [6, p.129], transverse vibrations of the so-called Stieltjes strings (massless
elastic threads bearing point masses) [16, 3], and longitudinal vibrations of point masses
connected by springs [18].

It is known, see [3], that the eigenvalues of the Dirichlet problem (the spectral problem
with the Dirichlet boundary conditions at both ends) generated by the Stieltjes string
equations on an interval are simple and for any sequence of distinct positive numbers
{2k }}_, there exists a (not unique) pair of sequences {ms}}_,, {lx }}_, of positive numbers
such that {z}}_, is the spectrum of the corresponding Dirichlet problem while my-s
are the values of the point masses and li-s are the lengths of the subintervals into which
the string is divided by the masses. Also it is known from [3] that the data necessary
and sufficient to solve the inverse problem of recovering the sequences {my}7_,, {lc}}_,
consist of two spectra: the spectrum of the Dirichlet spectral problem, and the spectrum
of the Dirichlet-Neumann spectral problem (the problem with the Dirichlet boundary
condition at one end and the Neumann boundary condition at the other end) and the
total length of the string.

Natural generalizations of such problems are the problems generated by Stieltjes string
equations on metric trees [4, 5, 7]. For applications, see [8]. In the case of a graph domain,
the problem can have multiple eigenvalues. Since we consider selfadjoint problems there
is no ambiguity between algebraic and geometric multiplicity.

For trees, the maximal multiplicity equals ppe, —1 where ppey, is the number of pendant
vertices in the tree. This result, well known in quantum graph theory [17, 15], was proved
for the finite dimensional case in [1]. It should also be mentioned that related results for
the so-called tree-patterned matrices were obtained in [9] and [11]

Unfortunately, any general answer about restrictions on eigenvalue multiplicities for a
spectral problem on an arbitrary tree as well as for an arbitrary tree patterned matrices
is not known in spite of many particular results for tree-patterned matrices in [10, 11, 13].
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Such restrictions are known for tree-patterned matrices whose graphs are generalized
star and generalized double star [11] and for spectral problems generated by the Stieltjes
string equations on a star graphs [21, 22] and on the so-called snowflake graphs in [23].

In this paper we give an answer to the following question: if the spectral problem
generated by the Stieltjes string equations on a tree has an eigenvalue of maximal
multiplicity ppen — 1, what is the second largest possible multiplicity of an eigenvalue of
this problem?

In Section 2 we give the corresponding definitions and describe the spectral problem
generated by the Stieltjes string recurrence relations on a connected graph. In Section 3
we recall the result on maximal possible multiplicity of an eigenvalue for spectral problem
on a tree and prove an auxiliary theorem. In Section 4 we present an algorithm for finding
the second largest possible multiplicity and consider examples.

2. FORMULATION OF THE PROBLEMS

For a tree T we denote its vertices by v;, i = 1,2, ..., p, where p is the number of the
vertices of T, its edges by e;, j = 1,2, ..., g, where g is the number of edges of T". For each
i denote by d(v;) the degree of the vertex v; and for each j we denote by [; the length of
the edge e; and by n; the number of point masses on this edge.

We choose a pendant vertex v as the root and direct the edges of T" away from the
root to obtain an oriented graph. Then in addition to the degree d(v;) of a vertex v; we
introduce d* (v;), the indegree, the number of incident edges directed towards the vertex
and d~(v;), the outdegree, the number of incident edges directed away from the vertex
v;. For each vertex except of the root d*(v;) = 1 and for the root d*(v) = 0). For each
pendant vertex except of the root d~ (v;) = 0.

The local coordinate identifies a directed edge e; (j = 1,2, ...,g) of T with the interval
[0,,] and the coordinate x; increases in the direction of the edge.

Each edge e; is divided into n; + 1 subintervals of the lengths l(()j), lgj),..., l(j) by point
masses m(J) mgj), ces m$$} (l(j) >0, m,(C >0, Z l ) An interior vertex v; has

outgoing edges e; starting with subintervals of lengths l(] ) , while the incoming edge e,
ends at v; with an interval of length [ (r). It is assumed that the graph is stretched and the
pendant vertices are fixed. The graph can vibrate in the direction orthogonal to the plane
of equilibrium position of the tree. We denote by v(j)( t) the transverse displacement of
the mass mgf ) If an edge e; is incoming to an interior vertex v; then the displacement

of the incoming end of the edge is denoted by ’UT(L]] ) +1(t), while if an edge e, is outgoing

from a vertex v; then the displacement of the outgoing end of the edge is denoted v(()r) (t).
Using such notation, transverse vibrations of the graph can be described by the system of
equations
W —wh® WO-uh | e@y
l(J) l(]) ko o2 B
k k—1

(2.1)

(k=1,2,....,n5, n; >1, j=1,2,..,9).

Let W, be the set of indices of the edge outgoing away from the vertex v;. For pendant
vertices except the root W, = 0.

For each interior vertex with the incoming edge e; and outgoing edges e, (r € W,")
we impose the continuity conditions

vy () = v, (1), (2.2)
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The balance of forces at such a vertex implies

s W0 -0 _ o (t) =)0
Z(T) - l(j) ’
0 nj

(2.3)
reWw,”

For an edge e; incident with a pendant vertex except of the root we impose the Dirichlet
boundary condition
o) (1) = 0. (2.4)
At the root we impose the Dirichlet condition for the problem which we call Dirichlet
problem on the tree T'
o) = 0. (2.5)
and _ _
o () = o (1), (2.6)
for the problem which we call Neumann problem on the tree T'.
Using the ansatz U,(j)(t) = e”‘tu(]), 2z = A% we obtain from (2.1)-(2.6):
(4) (4) (4) (4)
ug =g gy )
G =0 (2.7)
l J) l(])
k k-1
(k=1,2,....,n5, 7=1,2,....9).

For each interior vertex with incoming edge e; and outgoing edges e, (r € W,”) we have

uy” =ul),,. (2.8)

r r () (7)
3 u? — ) U — (2.9)

(4)
reWw,;” 0 !

ng

For each edge e; incident with a pendant vertex except of the root we have

ul =0 (2.10)
At the root we obtain
) =0, (2.11)
for the Dirichlet problem and
ul? = 4§ (2.12)

for the Neumann problem on the tree 7.

Assumption 2.1. Since presence of vertices of degree two does not change the multiplic-
ities of eigenvalues we assume in the sequel that each interior vertex is of degree higher
than two.

The fundamental system of two linearly independent solutions to (2.7) can be composed
by the polynomials Réjk)d(z, 0) and Réjk)ﬂ(z, 1) which satisfy (see e.g. [3], Addition II)
the initial conditions R{(2,0) = 1, RY)(2,0) = 75, R{(2,1) = 1, RY)(2,1) = 0 and

0

the recurrence relations

R (2,00 = —=mPRY) (2,0) + RY)_,(2,0),
RY)_\(2,1) = —2m{'RY)_,(2,1) + RY)_(2.1), (2.13)

R)(2,0) = zU)Rgf,'j L(2,0)+ RE) (2,00 (k=1,2,...,n;),
R (2,1) = 1" RS (2,1) + RS) ,(2,1) (k=1,2,...,n)), (2.14)
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The general solution to (2.7) can be given in the form
(J) R;k) ,(2,0)q! (4) +R(2Jk) ,(z, )h(J)

on the edge e; with constants qgj) and h(lj).
With this notations we obtain using (2.8)—(2.12):

h = Ry) (2,000 + Ry (2, )Ry, (2.15)
(r)
. | | |
= =RY) 1(2,0¢” + RS} (2, )h{. (2.16)
jew; 0

for each interior vertex with incoming edges e; and outgoing edge e,: and
RS (2,0)q” + RY) (2. 1)h = 0 (2.17)

for each edge e; incident with a pendant vertex.
At the root we have

w9 =o. (2.18)
for the Dirichlet problem and

¢ =o. (2.19)
for the Neumann problem.

Then the characteristic polynomial of problem (2.7)—(2.11), i.e. a polynomial whose
set of zeros coincides with the spectrum of the problem can be expressed by l(()j )Réjn)J (2,0),
léj)R(Q{l)j_l(z, 0), Ré{l)j (2,1) and Ré{l)j_l(z, 1). To do it we introduce the following system
of vectors

1;(2) = c0l{0,0,..0,1 RY)(2,0), 1§’ RY(2,0), ..., 1§"’ RY)) (2,0),0,0,...,0,0,0, ..., 0},
——

n+2g n+2g

Yitg(2) = c0l{0,0,...,0,0,0, ..., 0, R9)(,1), RY (2,1), ..., R¥]) (2,1),0,0,...,0}
———

n+2g n+2g

g

for j = 1,2,...,9, where g is the number of edges in G, n = > n;. We denote by L;
j=1

(j = 1,2,...,2g) the linear functionals C?"*%9 — (C generated by (2.7)-(2.11). Then

O(z) ={L, (wp(z)}ifn is the characteristic matrix which represents the system of linear

equations describing the boundary conditions at pendant vertices and continuity and

balance of forces conditions for the interior vertices. We call

op(z) := det(D(z2))
the characteristic polynomial of problem (2.7)—(2.11). In the same way we construct

PN (2).
Let T be the above described tree with n; > 1 edges masses on the edge e; (j =

1,2,...,9). Changing the masses m,i) (k=1,2,...,n5,5 =1,2,...,9) and the intervals

l,(j) (k=0,1,...,n5,j = 1,2,...,9) we change the ngD and ¢y and therefore the sets of
their zeros, i.e. the spectra of the corresponding operators £(D) and £(N) and the
multiplicities of their eigenvalues too.

We denote the set of all obtained operators by Lr(D) and L7 (N). In the next section
we describe the maximal possible value of an eigenvalue multiplicity of the operators
L(D) € Lr(D) and L(N) € Lp(N) for a graph T of a tree of a given form and given
numbers n;.
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3. MAXIMAL MULTIPLICITY AND AUXILIARY RESULTS

The maximum of eigenvalue multiplicity of the operator £(D) for a tree is given by
the following theorem (see [1], Theorem 4.3).

Theorem 3.1. Let n; > 1 for all j. Then the mazimal multiplicity of an eigenvalue of
the operator L(D) defined on a tree with g > 1 is W := Ppen, — 1, where ppey, is the number
of pendant vertices. Equivalently, w = g — p;n, where p;y, is the number of interior vertices.

Definition 3.2. (see, e.g. [19], Definitions 5.1.20, 5.1.24). A function f : z +— f(z) of a
complex variable z (or simply f(z) by abuse of notation) is called Nevanlinna function
(R-function in terms of [14]) if

1) f is analytic for z in the half-planes Imz > 0 and Imz < 0,

2) f(z) = f(z) for Imz # 0,
3) Imz - Imf(z) > 0 for Imz # 0,

and it is called an S-function if, in addition,
4) f is analytic for z ¢ [0, 00),
5) f(z) >0 for z € (—0o0,0);

an S-function f(z) is called an Sy-function if
6) 0 is not a pole of f.

Theorem 3.3. Let T be a tree of g edges with the numbers of masses on the edges n; > 1
forallj =1,2,...,9, n = Z;’Zl n; and let 0 < vy < U. Then there exists a collection

{{m,(j) Z;l,{l,(cj)};é;wj = 1.2.,,,.9} such that vy is the lowest (simple) eigenvalue of
problem (2.7)—(2.11) and U is an eigenvalue of multiplicity ppen, — 1.

Proof. It is known (see [24]) that the number of distinct eigenvalues of problem (2.7)—
(2.11) is not less than the maximal length ng of the paths in the tree measured in numbers
of masses on the edges of the path.
Choose any numbers {vy}7? and {p}72, such that
0<po<vog<p <vp<..<Upg—o < fpg—1 < V. (3.1)
Then
-2
HZio (1 - y%) (1 -
—1
e (1-)
where arbitrary [ > 0 is an Sp-function (see Lemma 2.2 in [21]). Being such it can be
expanded in the continued fraction:

)

ANIEY]

F(z)=1

1) 1
,bgl)z + - 1

1

F(z) = aé

; (3.2)

1

(1) 1
—b +...+
2 7 NE)

1
no—l+

b 4 11>
0

af]

where a{" > 0 (s=0,1,...,n0), b >0 (s=1,2,...,n0).
Due to (3.1) the sequence {v}}}°," U {7} is the spectrum of the Dirichlet-Dirichlet
problem (see, e.g. [3])

(1) (1) (1) (1)
Up " —Upyq | U —Up_y L, 1) _
D ) —b, 2y, =0 (3.3)
72 ap_1

(k=1,2,...,n4,)

1 1
u(() ) = 4 o)+1 = (3.4)

n
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on an interval of the length I and {p},2 is the spectrum of the corresponding Neumann-
Dirichlet problem which consists of equation (3.2) and the boundary conditions

1
uél) - ugl) = ugm)ﬂ =0. (3.5)

We choose the pendant vertex v which is the initial vertex of the path of maximal
length as the root of the tree T' and denote by e; the edge incident with the root. The
vertex v at the other end of e; has the outdegree d~(v1). Denote by es, es, ..., €4 (v1)+1
the edges outgoing from v, and by T; (j = 2,3,...,d™ (v1) + 1) the subtrees rooted at v;.
Denote by N; the number of the masses in T; (j = 2,3....,d™ (v1) + 1).

Let n; be the number of masses on e;. Since each edge bears at least one mass
we have n; < ng. Then we identify the coefficients {b,(cl)}Zl:1 with the masses and
{a,il)}zlzgl u {a&?} with the subintervals on e;. Since 7 is the largest eigenvalue of
Dirichlet-Dirichlet problem (3.3)—(3.4) the corresponding eigenvector has exactly one zero
between each two masses (see [2]). Therefore, a value d%ll) € (0, aﬁ}f) can be chosen such
that

1

al + T - =0 (3.6)

7b1 v agn [€) -

—by 7ty 1
and f1(7) = 0 where

1

fl(z) = agv,ll) - dsLll) + 6) 1 (3'7)
—bp 412+ —m 7

a +
(n1+41) (1)
1 *bn1+1z+“'+a(1)

1
ng—17 M
0

1
e
oD

Since f1(7) =0 and f1(2) is an Sp-function, it can be presented in the form

fi(z) = <B+ . Aﬁ +n0§7 As ) (3.8)

where 0 < 7 < Tp < .. < Tpgony—1 <vand B>0,A>0,4,>0(s=1,2,....,n0—n1—1).
The inequality 7, < 7 is a consequence of the fact that the eigenvector of the Dirichlet-
Dirichlet problem (3.3)—(3.4) corresponding to the (largest) eigenvalue 7 has ng — 1 nodes
(points of zero amplitude of vibration) and therefore the projection of this vector onto
the interval (l~, 1) having ng — n1 — 1 nodes is the eigenvector of problem

(1) (1) (1) (1)

Up " —Upyq | Uy —Up_ g 1 _ @ _
D ) — b, zu, =0 (3.9)
ay Gp_1
(k‘:n1+1,...,nn0)

dp® =ul),, = (3.10)

corresponding to the eigenvalue . Here @ is the amplitude of the point which lies at the
~ Tllfl

distance [ = 5 a,(cl) + d%ll) from the left end of the interval (0,1).

k=0

Let us consider the subtrees T (j = 2,3,...,d" (v1) + 1) rooted at v;. Denote by N;
the number of masses, by n((]J ) the maximal length of the paths in T; starting from v;
measured in number of masses (j = 2,3....,d~ (v1) +1). Then due to (3.8) we can present
(f1(2))~! in the form

d~ (v2)+1
()= Y Fi)

j=2
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where
Gy M 4G
A v
F; =B,
5(2) j+z—ﬁ+;z—rr’
di(’Ul)+1 ) di(’vl)+1 . d’(v1)+1 .
with B; > 0. Y. B; = B, AW >0, AO) = 4, 2 AY) = 4, and
=2 =2 =2

Agj) =0 forr > néj), Agj) >0forr < n(()j).
Thus, (Fj(z))~! is an Sp-function with néj) zeros and the same number of poles.
We apply this procedure to each of those of the subtrees 7T} which are not just an edge.
If a subtree T} is a star then using once more the above procedure we finish with this
subtree. If a subtree T is more complicated than a star graph we continue this procedure
more times. g

4. SECOND LARGEST MULTIPLICITY

Suppose the maximal multiplicity w = ppen, — 1 is possessed by an eigenvalue of problem
(2.7)-(2.11) on a tree. In this section we show how to find the second largest possible
multiplicity by a certain algorithm.

Definition 4.1. If an edge is incident with a pendant vertex which is not the root then
we call it a leaf. If all but one edges incident with the vertex v are leaves then we call v a
distance-one vertex.

Definition 4.2. A star subgraph S of a tree T" centered at a distance-one vertex of T is

said to be a peripheral star graph if all but one pendant vertices of S are pendant vertices
of T.

Definition 4.3. We call an edge heavy (light) if it bears at least one mass (a massless
edge).

Definition 4.4. A peripheral star subgraph is said to be light if it has at most one heavy
leaf.

Let n; > 1 for all j and let there be an eigenvalue of multiplicity w. Then we can
calculate the second largest possible multiplicity via the following algorithm.

Algorithm

Step 1. Consider the tree T} 1(1) obtained from T by deleting one mass from each edge.
If, after this, there has not appeared any light edge then the second largest multiplicity is
again w = ppen, — 1.

) then we

If after deleting one mass from each edge there appeared light edges in T1(1
proceed to
Step 2. Let v; be a distance-one vertex of the tree Tl(l). If there are p > 2 heavy edges

among the leaves of Tl(l) incident with v; then we

(i) attribute a summand p — 1 to the second greatest multiplicity which we denote by
wa,

(ii) call the vertex v; a separating vertex,

(iii) delete all leaves incident with v;.

Having done it for all the distance-one vertices we obtain a new tree T2(1) (see Fig. 1).

If Tz(l) has at least one distance-one vertex with at least two heavy leaves then we

)

repeat step 2 and obtain a new tree Tél . We repeat step 2 until obtain a tree T; T(ll ) each

distance-one vertex of which has less than two heavy leaves. If Tr(l1 )is a path then we
add a summand 1 (or 0) to the second greatest multiplicity if there is a mass (no masses)

on the path and finish. If Tr(ll) is not a path then we proceed to
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Step 3. We change one by one peripheral (light) star subgraph each for one edge

bearing a mass and obtain a new tree TT(ll) (see Fig. 2).

Then we repeat the steps 2 and 3 for the tree N,Ell) = T1(2) and obtain T#f) = 1(3).
We continue this procedure until come to 1) an isolated vertex or to 2) a graph Py (paths
with s edges with some s € N) | or 3) to a star graph. If it is P with at least one mass
we add 1 to the second largest multiplicity. If it is P; with no masses or just one vertex
then we have finished. If it is a star graph then we add the maximum multiplicity of this
star graph (which is less by one than the number of heavy edges of the star graph) to the
second largest multiplicity.

Theorem 4.5. Let a tree of Stieltjes strings be given and let

(t)n; >1 forallj (j=1,2,...,9).

(11) problem (2.7)-(2.11) have an eigenvalue of multiplicity w = ppen, — 1,

Then the second largest possible multiplicity wo of an eigenvalue of (2.7)-(2.11) can be
found using the above Algorithm.

Proof. First, let us show that this value can be reached.

If n; > 2 for all j then we can choose v; > 0 and v» > 11 and construct the edges of
our tree such that v; and vy are eigenvalues of the Dirichlet-Dirichlet problem on each
edge. Then the multiplicity of 11 and the multiplicity of v5 as eigenvalues of problem
(2.7)—(2.11) is equal to w (see [1] how to construct the corresponding eigenvectors).

Now let n; = 1 for some values of j. We will prove existence of a tree of given form
with given numbers of masses such that 14 is the eigenvalue of problem (2.7)—(2.11) of
multiplicity w and ve # 11 is an eigenvalue of multiplicity wy obtained by the Algorithm.

According to Theorem 3.3 we can construct a tree T such that 1) vy is an eigenvalue
of the Dirichlet-Dirichlet problem on each edge of T' (and therefore vy is an eigenvalue of
multiplicity w of problem (2.7)—(2.11) and an eigenvalue of multiplicity pﬁ,{g)n —1 of problem
(2.7)—(2.11) on each subtree Tj), 2) vo # 14 is an eigenvalue of the Dirichlet-Dirichlet
problem on each heavy leave and an eigenvalue of problem (2.7)—(2.11) on each of the
subtrees (star subgraphs) which appear in Algorithm.

Now let us show that if an eigenvalue v4 is of the maximal multiplicity w then the
second largest multiplicity of an eigenvalue cannot be larger than the multiplicity wo
calculated by Algorithm.

The eigenvectors corresponding to the eigenvalue vq of problem (2.7)—(2.11) on T of
maximal multiplicity w correspond to linearly independent paths in the tree. Each of
eigenvectors have nodes (for the case of a tree we also call node a point of zero amplitude
if there are points of nonzero amplitude in an arbitrary small neighborhood of this point)
at all the interior vertices of the path (see [1]).

Each eigenvector corresponding to 5, the eigenvalue of the second largest multiplicity,
has nodes at the separating vertices as it is described in Algorithm. To try to raise the
second largest multiplicity we can suppose that an eigenvector has a zero at a vertex
w which is not separating. If a star graph has masses only on one of its edges then
its eigenvalues are all simple, moreover the central vertex is never a node. Thus, the
multiplicity calculated by Algorithm is the second maximal. 0

Example 1. Let us consider the graph of Fig 1. The maximal possible multiplicity
of the spectral problem correspondent to the tree T" is ppen, — 1 = 12. Let this value be
achieved by an eigenvalue. Now we use Algorithm to find the second largest possible
multiplicity. Coming from Tl(l) to Tz(l) we assign a summand +2, coming from Tz(l) to
T?El) we add +1, coming from T1(2) to TQ(Q) we add +2, coming from T1(3) to T2(3) we add
+1. Thus all in all the second largest multiplicity is 6.

Example 2. Let us consider the graph of Fig 2. The maximal possible multiplicity
is ppen —1 =7 —1 = 6. Let this value be achieved by an eigenvalue. Then applying
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5

1) (1)
nﬁ |
W 7@ ™ 1P @b,
Fig.1

Algorithm we obtain +4 coming from Tl(l) to Tz(l) and +1 due to presence of a mass on

Tl(z) = P,. Thus all in all the second largest possible multiplicity is 5.

X
Y

T
S
Fig.2
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